The ability to implement reconfigurable linear optical circuits is a fundamental building block for the implementation of scalable quantum technologies. Here, we implement such circuits in a multimode fiber by harnessing its complex mixing using wavefront shaping techniques. We program linear transformations involving spatial and polarization modes of the fiber and experimentally demonstrate their accuracy and robustness using two-photon quantum states. In particular, we illustrate the reconfigurability of our platform by emulating a tunable coherent absorption experiment, where output probabilities of single-and two-photon survivals can be controlled. By demonstrating complex, reprogrammable, reliable, linear transformations, with the potential to scale, our results highlight the potential of complex media driven by wavefront shaping for quantum information processing.
Linear optical networks are prominent candidates for practical quantum computing [1] . Efficient implementation of quantum information processing tasks requires high dimensionality, dense network connectivity and the possibility to actively reconfigure the network. Currently, bulk and integrated linear optics are the most popular platforms to implement such networks. Their design is based on a cascade of beamsplitters and phase-shifters connected by single-mode waveguides [2] [3] [4] . However, the scalability of such architecture is significantly limited by the fabrication process. Alternatively, integrated multimode waveguides [5] [6] [7] [8] and plasmonic metasurfaces [9] provided new routes towards robust implementation of larger quantum optical circuits, with the strong disadvantages of not being reprogrammable after fabrication. Coupling spatial modes with other degrees of freedom, such as time, frequency and polarization [10] , provides a different route towards encoding and processing information in higher dimensions [11] , but remains an engineering challenge in integrated optics. To date, the quest for a controllable high-dimensional optical network offering arbitrary connectivity is ongoing.
Complex media, from white paint to multimode fibers, can overcome these bottlenecks when used in combination with wavefront shaping. Many classical and quantum applications rely on this approach [12] , ranging from spatial mode structuring [13] [14] [15] to adaptive quantum optics and communication [16, 17] . As for linear circuits, programmable beamsplitters have been implemented in opaque scattering media [18] [19] [20] and multimode fibers [21] through control of spatial mode mix- * sylvain.gigan@lkb.ens.fr ing. In this work, we report the implementation of fully programmable linear optical networks of higher dimensions by harnessing spatial and polarization mixing processes in a multimode fiber driven by wavefront shaping. We first demonstrate the reliability and versatility of our approach by controlling two-photon interferences between multiple ports of various networks with high accuracy. We then emulate a circuit for tunable coherent absorption, which highlights the reconfigurable nature of our platform. Our work demonstrates the viability of coherent manipulation of optically encoded information via multimode scattering from complex media and wavefront shaping, and its potential for quantum information processing.
The experiment is conceptually illustrated in Fig. 1 . The multimode fiber (MMF) is a graded-index fiber supporting ∼ 400 propagation modes at λ = 810 nm. Complex spatial and polarization mixing occurring in the fiber is the key ingredient that enables the design of a reconfigurable linear transformation L. Indeed, measuring the transmission matrix (TM) of the MMF reveals its highly isotropic connectivity across spatial and polarization modes (cf. Supplementary Information (SI)). We exploit the connectivity together with the near-unitary of the MMF to program linear optical transformations L i (cf. Methods.) in a four-dimensional Hilbert space defined across spatial and polarization degrees of freedom, labeled H1, V1, H2, V2.
We demonstrate deterministic manipulation of twophoton interference through a designed optical network L i . First, we generate a two-photon state by spontaneous parametric down-conversion (SPDC) process (cf. Methods.) and guide it to the experimental platform ( Fig. 1) , in which an optical network L is encoded using Photon pairs produced by spontaneous parametric down-conversion (SPDC) are injected into a multimode fiber (MMF) along orthogonal polarizations using spatial light modulators (SLM). We use commercial MMF (Thorlabs, GIF50C) as a tool to achieve mode mixing. The transmission matrix (TM) is measured across spatial and polarization modes of the MMF. The wavefront corresponding to a desired linear transformation Li is calculated and displayed on the SLMs (cf. Methods). Output ports of interest are selected by two single-mode fiber-based polarization beamsplitters (fPBS) mounted on translation stages. These correspond to two spatial modes and two polarizations labeled as (H1, V1, H2, V2). Light is detected by avalanche photodiodes (APDs) connected to a coincidence electronics. The output plane of the MMF is imaged onto an electron multiplying chargecoupled device (EMCCD) camera along both polarizations (H and V). (b) An arbitrary 4 × 2 linear network Li is implemented by shaping the spatial phases of each input port Hin and Vin. For each input, the predicted output fields after propagation through the MMF are shown. We observe that light is focused into the four targeted output ports with the desired amplitudes and phases. (L: lenses, F: filter, HWP: half wave plate, PBS: polarizing beamsplitter, D: Iris diaphragm, FM: Flip Mirror, WP: Wollaston prism, BS: beamsplitter.) the spatial light modulators (SLM). We implement 4-output × 2-input optical networks simulating the action of four-dimensional Fourier [22] and Sylvester [23] interferometers. These interferometers are used for certifying indinstiguishability between input photons via verifying a suppression criteria [24, 25] . Here, we verify this criteria for a specific two-photon input state by measuring the full set of output two-fold coincidence (Fig. 2) . Maximum two-photon visibility values measured after propagation through the MMF (0.96 ± 0.01) and directly at the SPDC source (0.95±0.03) are the same, showing that the platform does not introduce significant temporal distinguishability between photon pairs. The results show quantum distinctive features: values of the degree of violation D, defined as the probability of occupying twophoton states in all suppression configurations [22, 23] , are as small as 0.022 ± 0.009 (Fourier interferometer, for (1, 3) and (2, 4) input pairs) and 0.014 ± 0.008 (Sylvester interferometer, for all input pairs).
Thanks to the high number of propagation modes supported by the MMF, we can manipulate phase and amplitude of each element in an optical network independently. To demonstrate this ability, we implement the non-unitary transformation L N , defined as
which maps all two-photon interferences into photon anti-coalescences (Fig. 2) . The error between the experimentally synthesised transformation and the theoretically desired one is defined as ∆V = |V
is the experimental (theoretical) visibility over the (i, j) output ports. We measure ∆V = 0.05 ± 0.04 on average over all transformations (cf. SI), thus demonstrating accurate control over a 4 × 2 linear transformations across spatial-polarization degrees of freedom.
We now illustrate the use of our experimental platform to simulate coherent absorption, a well-known phenomenon in quantum transport [26] . A typical case is the interaction of a NOON state |N, 0 + e iN φ |0, N )/ √ 2 with N = 2 on a lossy beamsplitter, which has been recently demonstrated using a bulk-optics setup with an absorptive graphene layer [26] and a plasmonic metamaterial [27] . The interaction between the NOON state and the LTBS produces an intriguing φ-phase dependence of outcome probabilities of one-and two-photon survival at the targeted outputs. In our work, we use our fiber platform to simulate the coherent absorption experiment (Fig. 3a) , where the transformation L(φ, α) can be seen as a succession of three linear operations: (i) indistinguishable photons are split by a beamsplitter to generate a NOON state (N=2) with a controllable output phase φ; (ii) the NOON state interacts with a lossy phase-tunable beam splitter (LTBS). The LTBS is defined as t 1 e where t ≤ 0.5 is the transmission coefficient and α is a fully tunable relative phase [26] ; (iii) photons are distributed into 4 output ports by two balanced beamsplitters in order to measure two-photon survival probability.
As shown in Fig. 3b , the effect of coherent absorption is maximized for α = pπ, p ∈ Z (red line). In the case where the relative phase φ = qπ, q ∈ Z, which corresponds to having a state (|2, 0 + |0, 2 )/ √ 2 as input, the output state is a superposition of vacuum-and two-photon state and the probability of one-photon transmitting into the targeted outputs is null. This result hence exhibits the non-linear behavior of the two-photon absorption in the (Fig.1) emulates the following circuit: Photon pair enters a MachZehnder (MZ) interferometer composed of a balanced beamsplitter and a lossy balanced phase-tunable beamsplitter (LTBS). Both the phase φ between the two arms and the phase α of the LTBS can be tuned at will. Light in each output port of the MZ interferometer is analyzed via two balanced beamsplitters preceding an array of four photocounters to measure the probability of two-photon survival at the targeted output ports. (b) Probability of two-photon survival at the targeted outputs: theory (solid lines) and experiment (dots). The blue dots are for α = π/2, corresponding to an emulated lossless MZ interferometer. The corresponding probability of two-photon survival is independent of φ. The red dots are for α = π, corresponding to a lossy beamsplitter in which the probability of two-photon survival depends on the relative phase φ. (c) Probability of two-photon survival as a function of φ and α, showing a transition from emulated lossless to lossy LTBS. quantum regime. On the other hand, when φ = qπ/2, thus corresponding to a state (|2, 0 − |0, 2 )/ √ 2, only single-photon loss occurs (cf. SI for more details on this calculation). Thank to our ability of fully control the relative phase α (Fig. 3c) , which was not possible in previous works [26, 27] , we observe a transition of the coherent absorption phenomenon from unitary α = π/2 (blue dots) to the maximal coherent absorption situation α = π (red dots).
Losses, which are usually deleterious for a quantum system, here provide the ability to coherently control the interaction, inducing a useful non-linearity, which can be exploited for processing tasks [28] . Note that, as the MMF is in principle unitary, losses in our experiment originate from the fact that we control only half of the propagation modes of the MMF in each input port. The unmonitored modes thus embody a sink where information about the desired optical network leaks, resulting in effective open system dynamics of the latter. The total energy transmittance 2|t|
2 to all targeted outputs of the optical network L i reaches 0.45(0.5) experimentally (theoretically), which is close to the critical transmission of the LTBS.
The dimensionality of our platform can in principle be scaled up, as the main limiting factor in our experimental implementation is given by the detection architecture. A significantly larger network can be managed, for instance, by replacing our detection apparatus with an array of correlation detectors [29] . In Fig. 4 , we experimentally showcase the scalability of our platform by designing a larger optical network with 18 targeted outputs allocated arbitrarily at different positions and taking arbitrary polarization on the EMCCD camera. In SI, we discuss the fidelity, scalability and programmability of this optical network architecture.
FIG. 4.
Intensity image of a high-dimension linearoptical network on the EMCCD. The SPDC light from both inputs is simultaneously distributed into 18 targeted outputs, 9 in each polarization (H: Horizontal; V: Vertical).
We report the use of a multimode fiber to implement fully programmable linear optical networks across spatial and polarization degrees of freedom. This platform harnesses the highly complex coupling between a large number of modes of the MMF, thanks to the ability to spatially control the input light wavefront. We successfully programmed this platform to implement circuits able to tackle certification tasks all the way up to the emulation of coherent absorption. We thus demonstrate the versatility and full reconfigurability of our approach, including the management of different degrees of freedom of the propagating light. We also highlight its scaling potential by demonstrating control over up to 18 output ports, whereas the number of input ports can also be scaled well beyond 2, provided a multi-photon source is available. Our architecture provides an efficient and scalable alternative to integrated circuits for linear quantum networks.
Acknowledgments The authors thank C. Moretti for technical supports. MP is supported by the European Commission through the H2020 Collaborative project TEQ (grant number 766900), the SFI-DfE Investigator Programme QuNaNet (grant number 15/IA/2864), the Leverhulme Trust through the Research Project Grant UltraQuTe (grant number RGP-2018-266), MSCA CO-FUND grant SPaRK (grant number 754507), and COST Action CA15220 QTSpace. LI acknowledges partial support from Fondazione Angelo Della Riccia. TJ was supported by an HFSP Cross-Disciplinary Fellowship (LT000345/2016-C). SL acknowledges support from a Franco-Thai Scholarship.
Methods

Two-photon source
The frequency-degenerate photon pairs are produced from a type-II polarizationseparable collinear spontaneous parametric downconversion (SPDC) source (Fig. 1a) , using a 10-mm periodically poled potassium titanyl phosphate crystal (pp-KTP) pumped by a single-mode continuous-wave laser in a single spatial mode configuration. The photon pairs transmit through a spectral filter (λ = 810 ± 5 nm) and are separated by a polarizing beamsplitter. The indistinguishability of photon pairs is controlled by a temporal delay δ. The photon pairs are then prepared in the same horizontal polarization, and collected with polarizationmaintaining single-mode fibers, which are then connected to the MMF platform. A coincidence window is set at 2.5 ns for all experiments. All coincidence counts are corrected for accidental coincidence counts.
Acquisition of the transmission matrix
The transmission matrix (TM) of a graded-index MMF (Thorlabs, GIF50C: of length of 55.3±0.1 cm, core diameter of 50±2.5 µm, and numerical aperture of 0.200±0.015) is acquired using a phase-stepping holographic technique with a co-propagating reference [12, 30] . The TM for each input port is independently acquired, thus the relative amplitudes and phases of the co-propagating reference between both inputs then need to be calibrated. We use the photon counts and the twophoton interferences from a given designed linear transformation L i , here L i ∝ 1 1 1 1
, to obtain an initial value of the relative co-propagating reference field [31] . We further calibrate the reference field by minimizing ∆V, where ∆V = |V exp ij − V th ij | ij and V exp(th) ij is the experimental (theoretical) visibility of two-photon interference at the (i, j) pair of detectors.
Network programming
After the TM acquisition, a given linear transformation L i (network) is programmed. The input electric fieldsẼ (j) in and the corresponding SLM phase pattern for each j-th input port is calculated by solving an inverse scattering problem E
i , where T (j) is the sub-part of the TM linking the relevant input modes for each j-th input port to the targeted output modes. Imperfections in generating the input electric fieldsẼ in with the spatial light modulator (SLM) lead to errors in the coefficients of the linear transformation L i . In the case of our first experiment (the control of two-photon interference), we performed as an additional step an amplitude correction, by optimizing on the amplitudes of the co-propagating reference fields, for each linear transformation L i . For the experiment on the control of the coherent absorption, we compensated the amplitude variations using the normalized second-order correlation function g (2) .
Supplementary information: Programming linear quantum networks with a multimode fiber
I. PROPERTIES OF THE TRANSMISSION MATRIX OF MULTI-MODE FIBERS
It has recently been shown that the graded-index multimode fibers (MMF) used here (Thorlabs, GIF50C) have a refractive index profile that deviates from a perfect parabola, thus presenting mode coupling between propagation-invariant modes (PIM) [32] . As a consequence, the speckle appearing after propagation along the MMF results both from the phase delays between modes of the fiber and from the mode coupling due to imperfections of the refractive index profile along the propagation axis, due for instance to bending and twisting of the fiber itself. The transmission matrix (TM) of the MMF is thus expected to induce significant mixing across modes, irrespective of the basis being used. This implies that any targeted output mode can be excited by injecting combinations of many spatial and polarization modes. For instance, to show the polarization mixing, we experimentally study the probability distribution of transmission eigenvalues τ for the part of the full transmission matrix T corresponding to each input-output polarization chan-
, and observed a similar distribution for all polarization pairs (Fig. S1a) . Similarly, the overall experimental probability distribution of transmission eigenvalues τ of T † T has been investigated (Fig. S1b) . We have found such a distribution to be described by a model based on random-matrix theory recently proposed in Ref. [33] . This is also verified by checking that it is possible to focus on any spatial and polarization state of the output plane (within the fiber core) with high efficiency, while keeping a low unstructured background (data not shown). Thanks to complex mixing of a MMF, complete control on a polarization state of the output field by modulating only spatial profile in a graded-index fiber [34] and programming a linear transformation on a spatial degree of freedom in a step-index fiber via the optimization approach [35] have been reported recently. More generally, designing a linear transformation based on the complex mixing can also be applied in different scenarios, for example, using wireless-communication frequency in a controllable indoor environment [36] .
II. FIDELITY, SCALABILITY AND PROGRAMMABILITY OF THE OPTICAL NETWORK
We now study the ability of our method to faithfully generate a given network L, as a function of the dimensions k × m of the network and the number n of propagation modes of the MMF. Here m is the number of input ports, and k that of output ones. We assume that the spatial light modulator (SLM) provides complete control over all propagation modes of the MMF, thus the number of tunable elements in the setup is also n, and for each of the m input ports, we can control and inject n/m input modes. First, we quantify the ability to theoretically program an optical network. Let us first denote with T (j) the part of transmission matrix linking the input port j to the k output ports of interest. For each input port, a corresponding column of the optical network L (j) can be generated solving an inverse scattering problem, by determining the input optical fieldẼ (j) in solving an the relationẼ
. Then, the corresponding phase patterns for all input ports are displayed on the SLM and light propagates through the MMF. Together, the SLM and the MMF generate experimentally an optical network, that we can describe by a matrixL, that is, up to a global amplitude and phase factor, associated to L. For each input port j, L (j) and L (j) are related viã
Here
are sub-parts of the full transmission matrix T of size n × n, and the overall fidelity of the optical network can therefore be related to the so-called time reversal operator TT † [37] , which in general is an operator close to unity.
We quantify the fidelity F of the implemented optical networkL to be the target one L as
where . is the l 1 -vector norm, measuring an elementwise distance between L andL.
We will now evaluate F for 3 different models of transmission matrices, which are a random matrix (RM) (i.e. a matrix composed of independent and identically distributed i.i.d. complex Gaussian coefficients, as in Ref. [37] ), a Random Unitary Matrix (RUM) (obtained by the orthogonal triangular decomposition of a RM), and an experimentally measured TM (MMF).
For a RM, we can estimate TT † explicitly [38, 39] and it was shown that it converges to
where H is a complex Hermitian noise matrix. TT † clearly converges to the identity operator I with 1/ √ n. Similarly, when only n/m input modes are controlled for each input port, the corresponding time reversal operator T (j) T (j) † converges to the identity operator with m/n. It is possible to show that the fidelity correspondingly scales as
This simple model explains how we can achieve a highfidelity implementationL when the dimension of the problem is scaled up. For a more quantitative analysis, we numerically study the fidelity achieved for arbitrary network generation using the 3 models of transmission matrices (Fig. S2) . In our numerical model, in order to account for the noise on the other output modes, we define L on a completed output space of dimension n where the (n − k) rows of L corresponding to unassigned output modes are set to zeros. As shown in Fig.S2a , for optical networks of dimension 4 × 2, the fidelity F scales as expected as 1 − O(1/ √ n) when we increase the number of modes of the complex medium. For a fixed n, the fidelity decreases when increasing the number k of targeted output ports, following 1 − O( √ k) (Fig. S2b) . For both graphs, the RUM provides the highest fidelity since it ensures energy conservation [40] , while the fidelity with the MMF model is slightly below the random matrix one. This could be attributed to mesoscopic correlations [12] , the variation of the enhancement at different targeted outputs due to the co-propagating speckle reference [30] , and to mode-dependent loss [33, 41] .
A fully reconfigurable unitary transformation with dimension k × k needs O(k 2 ) tunable optical elements [42] [43] [44] [45] [46] . In our setup, since we have n tunable elements at the input of the complex medium, we except that a unitary transformation of dimension m = k = √ n is the upper bound that can be programmed. For a given network, scaling to a larger complex medium (larger n, which could be realized for instance by increasing the diameter or the numerical aperture of the multimode fiber) allows increasing the fidelity to close to unity.
An interesting feature of our method is that the overall enhancement of the photon counts, over detectors, does   FIG. S2 . Fidelity F of an optical network (a) as a function of the number n of propagation modes supported by a medium (m = 2, k = 4, In case of MMF, we reduce the number of the propagation modes n by randomly selecting n columns and rows of the measured full TM) (b) as a function of the number k of the targeted outputs (m = 2, n = 398). The random matrix is generated from RM, RUM, and MMF. The mean (circle) and standard deviation (shaded area) are calculated from 1000 randomly generated linear networks and random matrices RM and RUM. All curves predict F = 1 − O( mk/n).
not significantly depend on the number of targeted output modes k. This is well-known from the first paper on wavefront shaping through complex media [47] , where it was noted that focusing on k target points, instead of on a single one resulted in a k-fold reduction of the intensity per target. From a matrix perspective, the total photon flux that can theoretically be focused on a target output mode i is equal to n j=1 |t ij | 2 , where the t ij are the elements of the TM [48] . Increasing k is equivalent to a change of basis and does not significantly modify the total intensity. In our experiment, the overall energy transmittance γ, defined as the ratio of the photon flux carried by the targeted outputs and the total photon flux transmitted through the MMF, can reach 0.45 for each input port, given the fact that we control only half of the number of propagation modes. This allows us to use this platform to emulate the coherent absorption effect close to the critical transmission of 0.5. The state-of-the-art γ of 0.6(0.8) was experimentally reported in a step-index MMF for a conserved circular input polarization (both linear polarization channels) [30, 49, 50] .
III. CONTROL OF TWO-PHOTON INTERFERENCE ACROSS DEGREES OF FREEDOM
In the main text, we implement 4 × 2 optical networks simulating the action of four-dimensional Fourier [51] and Sylvester [52] interferometers. Here we provide the definitions. An N -dimensional Fourier interferometer is defined as one implementing the unitary transformation U We reconstruct the experimental linear transformationsL with the measured two-photon visibility V exp. by minimizing |V ij − V exp. ij | ij , averaging over the ij pair of detectors. Here we only allow changes in the phase components of a linear transformationL. We obtain the fidelity F (Eq.S2) of 0.95 ± 0.03 (Fourier), 0.98 ± 0.01 (Sylvester), and 0.97 ± 0.02 (Non-unitary), respectively. This is consistent with the numerically calculated fidelity in Fig. S2 .
IV. THEORY OF COHERENT ABSORPTION
We now give a brief summary of the theory underlying the coherent absorption presented in Refs. [26, 27, 53] . In particular, we report on the calculations showing how specific two-photon input states result in a coherentabsorption effect. We refer to Refs. [54, 55] for a thorough analysis of the lossy beamsplitter operation.
The latter can be modelled as a transformation evolving each of the two input modes of the device into three output modes as
Here, a 1 , a 2 denote the destruction operator for the first two input/output modes of the beamsplitter, while a 3 is used to denote an additional mode into which light can be scattered. More specifically, to simulate the action of a balanced beamsplitter, assigning equal probabilities to the two outcomes for single-photon inputs, we consider the case with u 11 = u 21 = u 12 = u 22 = t ∈ R, and we use the notation u 31 = f 1 , u 32 = f 2 . The request of overall unitarity imposes |f 1 | = √ 1 − 2t 2 , and f 2 = −f 1 . We can furthermore assume f 1 ∈ R, and thus finally obtain the following relations defining the lossy beamsplitter
Introducing the operator a + ≡ (a 1 + a 2 )/ √ 2, we can rewrite these as
A straightforward calculation then leads to
(S8) Considering the unitary constraint at the maximal condition of the coherent absorption, we obtain |f 1 | = √ 2t = 1/ √ 2. In the case φ = qπ/2, q ∈ Z we have
By introducing the states |n j , which are Fock state of n excitations in mode j = 1, 2, 3, we have
that is, one photon is deterministically absorbed while the other evolves into a balanced superposition of the two output modes. Such coherent absorption phenomenon can thus be thought of as an inverse Hong-Ou-Mandel (HOM) effect between the input modes a 1 , a 2 and the output modes a + , a 3 . In contrast, for φ = qπ, we have
which corresponds to the state
(S12) This clearly shows that no single-photon absorption occurs in this case, while two-photon absorption takes place with a probability of 50%.
In Fig. S4 , we provide the three contributions of two-photon survival probability, Prob.(2, 0), Prob.(0, 2), Prob. (1, 1) corresponding to the probabilities of occupying two-photon on a †2 1 , a †2 2 or on both modes a † 1 a † 2 , respectively. At α = pπ, p ∈ Z (the maximally lossy case), we observe in-phase oscillations of these contributions, which show the maximum two-photon survival probability of 0.5 when the two-photon NOON state is 1/ √ 2(|2 1 , 0 2 + |0 1 , 2 2 ). In contrast, zero probability of two-photon survival is obtained when φ = qπ/2, q ∈ Z. At α = π/2 (mimicking the lossless case), the probabilities of having two photons in either path of the Mach-Zehnder (MZ) interferometer are out-of-phase to the probability of having exactly one photon on each path, resulting in a constant two-photon survival probability. (1, 1) , corresponding to two photons detected on the upper path, lower path, or on both paths, respectively. Each data point was integrated for 10 s. All probabilities are normalized with the probability of two-photon survival in a case of mimicking the lossless MZ interferometer with α = π/2.
